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UNIQUENESS OF TANGENT CONES FOR 2-DIMENSIONAL ALMOST 

MINIMIZING CURRENTS 

CAMILLO DE LELLIS, EMANUELE SPADARO, AND LUCA SPOLAOR 


Abstract. We consider 2-dimensional integer rectifiable currents which are almost area 
minimizing and show that their tangent cones are everywhere unique. Our argument uni- 
hes a few uniqueness theorems of the same flavor, which are all obtained by a suitable mod¬ 
ification of White’s original theorem for area minimizing currents in the euclidean space. 
This note is also the first step in a regularity program for semicalibrated 2-dimensional 
currents and spherical cross sections of 3-dimensional area minimizing cones. 


In this paper we consider 2-diniensional integer rectifiable currents T in the euclidean 
space which are almost (area) minimizing, in the following sense (for the notation 

and terminology we refer the reader to the textbooks [6] and [10]). 

Definition 0.1. An m-dimensional integer rectifiable current T in is almost (area) 

minimizing if for every x ^ spt(ciT) there are constants Go, ro, oq > 0 such that 

||r||(B,(a;)) < ||r + a^||(B,(a;)) + Gor"^+““ (0.1) 

for all 0 < r < To and for all integral (m -|- l)-dimensional currents S supported in Br(x). 

Our aim is to extend Brian White’s classical result (cf. [11]) on the uniqueness of tangent 
cones for area minimizing 2-dimensional currents to almost minimizers, an abstract result 
which can then be applied to several interesting geometric problems, recovering quickly 
known statements but also gaining some new ones. To state the main theorem we introduce 
the current {Lx^r)‘fr^ where the map Lx,r is given by 3 y ^ G R”^+"’. Recall that 

an area minimizing cone S is an integral area minimizing current such that (to.r)))*^ = S 
for every r > 0 (cf. [10, Theorem 19.3]). 

Theorem 0.2. Assume T is a 2-dimensional integer rectifiable almost minimizing current 
in R^^^. Then for every x G spt(T) \ spt(clT) there is a 2-dimensional area-minimizing 
cone Tx with dT^ = 0 such that (in the sense of currents) as r 0. 

From this theorem we conclude three interesting corollaries as special cases. 

Definition 0.3. Let S C be a submanifold and U C R™+” an open set. 

(a) An m-dimensional integral current T with finite mass and spt(T) C S fl U is area¬ 
minimizing in S n U if M(T -|- dS) > M(T) for any m -|- 1-dimensional integral 
current S with spt(S') CC S fl f/. 

(b) A semicalibration (in S) is a m-form ca on S such that ||c(; 3 ;||c < 1 at every 

X G S, where || • ||c denotes the comass norm on An m-dimensional integral 

current T with spt(T) C S is semicalibrated hy u if oJxiT) = 1 for ||T||-a.e. x. 
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(c) An m-dimensional integral current T supported in (9B^(a;) C is a spherical 

cross-section of an area-minimizing cone ii xM. T is area-minimizing. 

In all these cases, when m = 2, we conclude the uniqueness of tangent cones from 
Theorem 0.2 and the following 

Proposition 0.4. Under the assumptions of Definition 0.3, any m-dimensional current T 
as in (a), (b) or (c) is almost minimizing in the sense of Definition 0.1 and therefore, by 
Theorem 0.2, it has a unique tangent cone at every x ^ spt((9T) if m = 2. 

In this paper we will consider only Riemannian submanifolds S of some euclidean space. 
However, since all the statements are local, by Nash’s isometric embedding theorem we 
can infer the same conclusions in any abstract Riemannian manifold which is sufficiently 
regular: in particular, since we need regularity in the embedded case, in the abstract 
setting we can derive the same consequences when the Riemannian metric is for some 
positive a. 

The uniqueness of tangent cones for 2-dimensional area-minimizing currents in Riemann¬ 
ian manifolds (case (a)) has been proved first by Chang in [4]. The same statement for 
semicalibrated integral 2-dimensional cycles (case (b)) has been shown more recently by 
Pumberger and Riviere in [8]. As far as we know the result for spherical cross sections of 
3-dimensional area-minimizing cones is instead new. Our motivation comes in fact from 
the interior regularity theory for all these objects: in a series of forthcoming papers we will 
prove that any 2-dimensional current as in (a), (b) or (c) is either a regular submanifold in 
the interior or has isolated singularities. The latter result is due to Chang in case (a), but 
as far as we know the details of one crucial step in Chang’s proof have never appeared. It 
is instead due to Bellettini and Riviere for a particular case of (b), see [3]: in their theorem 
E is the 5-dimensional standard sphere and the semicalibrated currents are the so-called 
special legendrian cycles. In all the other situations such regularity theorem would be a 
new result and this note is the first step of our program to prove it. 

In codimension 1 the uniqueness of tangent cones is known at isolated singularities thanks 
to the pioneering work of Simon, cf. [9]. The uniqueness of tangent cones is widely open 
in dimension higher than 2 and general codimension. Some interesting higher dimensional 
cases have been recently covered by Bellettini in [1, 2]. 

0.1. Acknowledgments. The research of Camillo De Lellis and Luca Spolaor has been 
supported by the ERC grant agreement RAM (Regularity for Area Minimizing currents), 
ERC 306247. The authors are warmly thankful to Bill Allard and Guido de Philippis for 
several important discussions. 

1. Proof of Proposition 0.4 

We start remarking that in the semicalibrated case we do not loose any generality if 
we consider E to be the ambient euclidean space. We then point out one elementary 
variational property of semicalibrated currents and spherical cross sections of minimizing 
cones. We will use the notation Im(lP™'’'"”) for the space of integral currents in (cf. 

[6, Section 4.1.24]). 
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Lemma 1.1. Let k E N \ {0}, Sq ^ [0)1]; ^ be a m + n-dimensional 

submanifold, V C M™-+” an open subset and u a C^’^° m-form onVOTi. If T is a eycle 
in V OT, semicalibrated by u, then T is semicalibrated in V by a form u. 

Proof. The argument is straightforward: we just need to extend a; to a form Co on the 
open set V in such a way that ||a;a;||c < 1 for every x and the regularity of u is preserved. 
Without loss of generality it suffices to do this on a tubular neighborhood U of S fl 
on which there is a orthogonal projection p ; 1/ —)■ S fl 1/ (we then multiply this 
extension by a function cp E C^{U) which is identically 1 on S and satishes 0 < ^9 < 1; 
the resulting form can then be extended to V by setting it equal to 0 where it is not yet 
dehned). For x E U we set y := p{x) G S and let Py : TyP be the orthogonal 

projection. We then set ojxivi,, Vm) = ^yiPyipi ),..., Py{vm))- Observe that u is not 
p^oj (in general the latter would not satisfy ||a;a;||c < 1). □ 

Proposition 1.2. Let T be as in Definition 0.3 (b) (in which case we assume S = 
or (c). Then there is a constant fl such that 

M(T) < M(T + dS) + fl, M(^) VS E I„+i(R”^+'^) with compact support. (1.1) 

Moreover, fl < ||(ica||o in case (b) and fl < {m + 1)R~^ in case (c). 

Moreover, if x ^ (7^(R”^+” \ spt((9T), R”^+”), we have 

ST{x) = T{duJx) case (b), (1.2) 

5T{x) = j niR~^ X ■ x{x) d\\T\\{x) in case (c). (1.3) 

Proof. We hrst prove (1.1). Assume we are in case (c). Without loss of generality we can 
assume t = 0 and R = 1. Therefore £x S compactly supported and consider W = T + dS. 
Next, let p : R™'+'^ —)■ Bi(0) be the orthogonal projection and set S' = p^S and W : = 
PjjhF = T + dp^S (where the latter identity holds because spt(T) C (9Bi(0)). The current 
Z := 0^ W — S' is then a competitor for the minimality of 0;^ T and observe, moreover, 
that since spt(fF') C i?i(0), we have M(Z) < (m + l)“^M(fF'). Then we have 

0 <{m + 1)(M(Z) - M(0k T)) < M(fF') - M(T) + (m + l)M(A') 

<M(hF) - M(T) + (m + l)M(^). 

In case (b), if u is the semicalibrating form, we can then estimate 

M(T) = T(cu) = W{uj) - dS{uj) < M{W) - S{duj) < M{W) + ||dcu||oM(^). 

Next, (1.3) is simply the stationarity of T in (9Bi(0). As for (1.2) the formula seems new 
in the literature and we provide here a simple proof. Fix y and consider the maps ‘Ft(a;) : = 
X + tx{x) and A(t,x) = <Ft(a;). We then denote by |0,e] the current in Ii(M) induced by 
the oriented segment {t : 0 <t < e}. We define := (<F£)ttT and Se := Ajj(|0,e] x T). We 
then have dSs = T^ — T and hence 

M(T,) - M(T) > T,(cu) - T(cu) = S',(dcu) = |0, ej x T(A«dcu) =: h{e). (1.4) 
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Since h is and /i(0) = 0, by a Taylor expansion we conclude e6T{x) > eh'{0) + o(e). 
On the other hand, since the latter inequality is valid for both positive and negative e, we 
infer 6T{x) = h'{0). We thus only need to show the identity h'{0) = T{duJx)- Consider 
the set of ordered multiindices / = {1 < < *2 < • • • < im+i} and let du = fidx^, 

where dx^ = dx^^ A ... A . We then have 

(A“da;)(,,p = fi{^t{x))d^^ A ... A d^^^ . 

Next, we will denote by o(l) any continuous function of x and t which vanish at t = 0 and 
we let TT : M X —)■ be the projection 7r{t,x) = x. Since <h(0,a;) = x and // is 

continuous we conclude 


fi{x)d<!>l^ A ... A + o(l) = 

fi{x) (^dx^ + ^ fi{x)x^^ {x)dx^^ A ... A A dt A A ... A j + o(l) 

/ i<j<fc+i 

= 7r**dca + dt A ^ fi{x) ^(— l)-^X*-’'(a;)da;*^ A ... A dx^^~^ A da;*^'+^ A ... A dx^~^^ + o(l). 

I j 


Thus, 


{A^du)(^x,t) = TT^du + dt A 7r**(da; Jy) + o(l). 

In particular, since du is orthogonal to dt, we have |0,e] x T^n'^du) 
write 


0. Thus we can 


h{e) = |0, e] X T{dt A 7r**(da; Jy)) + o(l)eM(T) = eT{duJx) + o{e ), 
from which we dually conclude h'(0) = T(dca Jy). 


□ 


Proof of Proposition 0.4- Case (a). Consider a; G S and a ball Br(a;) C If f is 

sufficiently small there is a well-defined orthogonal projection p ; Bf(a;) —)■ S with the 
property that Lip(p) < 1 -|- CAr, where C is a geometric constant and A denotes the L°° 
norm of the second fundamental form of S. Consider T area-minimizing in S and assume 
f < dist(a;, spt((9T)). Let r < f and S G be such that spt(S') C Br(a;). We 

set W :=T + dS. If ||IT||(B,(a;)) > l|r||(B,(i)) there is nothing to prove, otherwise by 
the standard monotonicity formula we have ||IT||(B,, U) < l|r||(B, (a;)) < Cr™. Then 
W := pnhh is an admissible competitor for the minimality property of T and we have 

iiT|i(Bai)) < iin-'ii(Bai)) < (Lip(p)nin/||(Bai)) < nn-iKBai))+«■"•+■. 


Case (b)&;(c). First observe that, by Lemma 1.1, in case (b) we can assume, w.l.o.g., 
that S = Fix r < dist(a;, spt((9T)) and let S G be such that spt(S') C 

Bj.(a;). As above, either ||IF||(Br (x)) > ||T||(Ba a;)), in which case there is nothing to prove, 
otherwise by the standard monotonicity formula we have ||IF||(Bp (x)) < iirii(Bai)) < 
Cr™ (observe that, by (1.2) and (1.3), T induces a varifold with bounded mean curvature, 
which in turn implies Allard’s monotonicity formula, cf. [10, Section 17]). In the latter 
case, by the isoperimetric inequality there exists S' G Im+i(R™'’'"’^) such that 

dS' = dS and M{S') < C'r”^+^. 
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Applying now (1.1) to this current S' we get the desired conclusion, with Ci = Cfl. □ 

Remark 1.3. Observe that we have achieved (0.1) with any hxed ro < |dist(a;, spt((9T)), 
(To = 1 and Co = OA, in case (a), Co = 017, in the cases (b) and (c), where the constant 
O depends only upon \\T\\{B 2 ro){x). 

2. Two TECHNICAL LEMMAS 

It is known that the almost minimizing condition of Dehnition 0.1 is alone sufficient to 
derive a monotonicity formula. However, we have been unable to hnd a reference and we 
therefore provide the proof below. Note also that in the geometric cases (a), (b) and (c), a 
more precise form of the monotonicity formula could be derived directly appealing to the 
fact that the corresponding induced varifolds have bounded mean curvature. 

Proposition 2.1 (Almost Monotonicity). Let T G Im(R”^’''"') be an almost minimizer and 
X G spt(T) \ spt((9T). There are constants C 02 , f, (Tq > 0 such that 

j (-) 

J'Br{x)\Bg{x) H ^ L X}mS ' 

for all 0 < s < r < f (in (2.1) {z — x)^ denotes the projection of the vector z — x on the 
orthogonal complement of the approximate tangent to T at z). In particular, the function 
\\T\\{Br{x)) 


r -P- 


Ukr' 


+ is nondecreasing. 


Proof of Proposition 2.1. Assume without loss of generality x = 0. For a.e. r the current 
d{TL'Br) is integral (cf. [10, Section 28]) and we have, by (0.1) with W = 0)^ (9(TlB,.), 


||T||(B,) < ||IF||(B,) + C'or”^+“° = -M(.9(TLB,)) + 


m 


( 2 . 2 ) 


Set /(r) := ||T||(B,) and observe that / is an nondecreasing function and so a func¬ 
tion of bounded variation. As such it has left and right limits at each point and in fact 
/(r) = f{r~). In particular we can decompose its distributional derivative Df, which is a 
nonnegative measure, as Df = P fig, where Sf denotes the Lebesgue one-dimensional 
measure and p,s is the singular part of Df. We multiply (2.2) by rnr~'^~^ and add + 

% + - ^M(a(rLB,)) < £1 - 

Integrating on the interval [s,r[ (where ro > r > s) we reach 


f j-dfigip)+ j ^(/'(p) 

[s,r[ r J s r 


M{d{TLB,)))dp< 


fir) fis) 


+ Cor 


ao 




To conclude we only need to prove that / := D + /“ bounds the left hand side of (2.1). 
Denote by the projection of x on the approximate tangent space to T at x. Recall hrst 
(cf. [10, eq. (28.6)]) that 

T, := (T, I • |,p) = .9 (TlB,) - {dT)LBp = d{TLBp). 
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Next introduce the Borel set E := > 0} and its complementary E'^ and recall that, 

by the coarea formula (cf. [10, Lemma 28.1 & Lemma 28.5]), for any Borel map g we have 


\y\ 



g(x)d\\Tp\\{x) dp. 


(2.3) 


Let R be the countable rectihable set such that ||T|| = Q(T,x)'H"^LR. It then follows 
from the slicing theory that ||Tp|| = 0(T, L(i? fl i9Bp) for a.e. p and thus inserting 

in (2.3) above we derive 

U^-\E^ n dBp) < \\Tp\\{E^) = 0 for a.e. p. (2.4) 

Thus, since | > 0 for every x E (B^ \ B^) n E, we conclude 

.. r 1 


1 

_ i 





pm J 

E 

xll 



> 


2pm+2 


a;-*- p 

a; 

xll 



d\\Tp\\{x)dp = 


P" 


'{Br\Bs 



a; 

2 _ 


a;ll 

2 

a; 


[a; 

+ 

a;ll ) 



a;- 

1 

2 

2| 

a; 

m+2 


d\\Tp\\{x)dp 
d\\T\\{x). (2.5) 


Now observe that on E^, the complement of E, we have = |a;| and thus 

„-Li2 r I 


\x 


'{Br\Bs)nE<^ 2|a;|™-+2 


d\\T\\ix) = 


'(Br\Bs)nE‘ 


2b| 


:d\\T\\ix) 


( 2 . 6 ) 


Next, denote by S the set of radii r such that "H™ ^{E^ fl (OB^) > 0. We then must have 

||T||(E'^n(Bp\B.)) < ||T|| {u,p,sn[rAdBs)<Df{Sn[T,p[) Ps{[t, p[) 

for every 0 < r < p (in fact the inequalities above are all identities, but this is not really 
needed). Thus for every iV G N \ 0 we can estimate 

N ^ N 


'{Br\Bs)nE^ 


2x 




2=1 


2—1 


where s* := s + 4(r — s). In particular letting N 'I oo we concude 


'(Br\Bs)nE‘ 


2|a;| 


:d\\mx)< 


p,r[ 


2p" 


-dps{p) = 


(2.7) 


From (2.5), (2.6) and (2.7) we conclude that /“ + /* bounds the right hand side of (2.1). □ 

The following proposition tells us that if a current as in (a), (b) or (c) in Dehnition 0.3 
is suitably decomposed, then each element of the decomposition is again respectively of 
type (a), (b) or (c). 


Proposition 2.2. Let T be as in Definition 0.3{(}), with (} = a,b or c, and suppose that 
there are x E spt(T) \ spt((9T), f > 0 and J eurrents T^,... ,T'^ sueh that 

.1 ,7 

TLB,-(a;) = dT^ LBfix) = 0 and ||T|| (B,-(a;)) = ^ ||T^'|| (Bi=(a;)). 

i=i i=i 
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Then each satisfies (<C>) in Definition 0.3. 

Proof. We divide the proof in the three cases of Dehnition 0.3. 

(a) Suppose by contradiction that there exist j G J} and S G Im+i(S) with 

spt(T) C Bf(a;) such that M(TWBf(a;)) > M(TWBf(a;) +(9S'). Then it is straightforward 
to check that M(TLBf(a;) + dS) < M(TLBf(a;)), which contradicts the minamility of T. 

(b) By contradiction, suppose there exists j G {1,..., J} such that is not semical- 
ibrated by u. Assume j = 1. Then since ||a.;||c < 1, we have T^(a;) < ||T^|| (i?f(a;)) and 
T^ioj) < \\Tm{Bf{x)), for every j G {2,..., J}. It follows that 

||r||(B,(x)) = r(c) = IT-’II(b,(i)) = ||r||(B,(x))) 

j=i i=i 

which gives a contradiction and concludes the proof. 

(c) Without loss of generality we can assume x = 0 and R = 1. Again by contradiction 

assume there exist j G {1,..., J} and S G such that (9(S'LC) = 9(0;^ TWC) 

and M{SLC) < M(0)«( T^'lC'), where 

C := {\z : z G Bf{x) fl (9Bi(0), A g]0, 1[}. 

We can assume j = 1. Notice also that 

M((0*T)LC) = i||T||(B,(i)) = i5;i|T'||(B,W) = ^M((0*r.')LC). (2.8) 

i=i i=i 

Then we have 

,/ ,/ 

M((0;^T)lC') < + < M(^LC') + m(^^(0)«< T^')lc) 

J=2 j=2 

,7 

< M((0)^< T^)LC') + T^)LC^ M((0;^ T)LC'). 

7=2 

The latter is a contradiction and thus completes the proof. □ 

3. A GENERALIZATION OF WHITE’S EPIPERIMETRIC INEQUALITY AND THE PROOF OF 

Theorem 0.2 

In this section we show how Theorem 0.2 follows from a suitable epiperimetric inequality 
due to Brian White. However, since we prove a more accurate version of Theorem 0.2, 
we state it again more precisely in the following theorem. From now, for any given R G 
we dehne R{R) := inf{M(Z) + M(IF) : Z G I^, IF G Im+i, Z + dW = R}. 



CAMILLO DE LELLIS, EMANUELE SPADARO, AND LUCA SPOLAOR 


Theorem 3.1 (Uniqueness of tangent cones for almost minimizers). Let T G be 

an almost minimizer. Then there is a 70 > 0, J 2-dim. distinct planes tt*, each pair of 
which intersect only at 0, and J integers Ui such that, if we set S := then 

.F((T,,,-^)LBi) <Cnr^°, (3.1) 

dist(spt(TLBr(a;)), spt(S')) (3.2) 

Moreover, there are f > 0 and J > I currents G l 2 (Bf(a;)) such that 

(i) (9 T^'lB^-( x) = 0 and each is an almost minimizer; 

(ii) TLBf(a;) = spt(Tj) fl spt(Ti) = {x} for every i 7 ^ j; 

(iii) RjlvTj] is the unique tangent cone to each at x. 

From the latter theorem, Proposition 0.4 and Proposition 2.2 we conclude 

Corollary 3.2. Let T be as in Definition 0.3{(f), with (f = a,b or c, and x G spt(T) \ 
spt((9T). Then all the conclusions of Theorem 3.1 hold for T and moreover eachT^ satisfies 
Definition 0.3{(}). 

3.1. White’s epiperimetric inequality and its generalization. As already mentioned, 
the key ingredient in the proof of Theorem 3.1 is a suitable generalization of White’s epiperi¬ 
metric inequality [11]. We record the main ingredient of White’s argument in the following 
lemma. Since however the paper [ 11 ] does not state this lemma explicitely, we provide in 
the last section a brief argument, referring to propositions and lemmas which are instead 
explicitely stated in [11] (the only difference is in a technical point, namely the estimate 
(4.1), for which we point out a shorter argument). 

Lemma 3.3. Let S G l 2 (M"'+^) be an area minimizing cone. There exists a constant > 0 
with the following property. If R := (9(S'LBi) and Z G Ii((9Bi) is a cycle with 

(i) — R) < £ 13 , 

(ii) M{Z) - M{R) < £ 13 , 

(iii) dist(spt(Z), spt(i?)) <£13, 

then there exists H G l 2 (Bi) such that dH = Z and 

ll^^ll(Bi) - ||S||(Bi) < (1 -£,3)[||0*( Z||(B,) - ||S||(B,)]. 

A simple compactness argument allows us to generalize this lemma in the following sense. 

Proposition 3.4. Let S G l 2 (M”’'"^) be an area minimizing cone. For every C 12 > 0 there 
exists a constant en > 0, depending only on the constants Cqi and oq of Definition 0.1 and 
upon S, with the following property. Assume that T G I 2 (M’^+^) is an almost minimizer 
with 0 G spt(T) and set Tp := {io^p)fT. If r is a positive number with 

• 0 < 2r < min{2“^dist(0, spt((9T)), 2 £ii}, 

. .F((T2, - ^)LBi) < 2£n, ||T||(B2.) < Cur^ 

• andd{TLBr) G Ii(M’^+2), 

then 


||r,||(Bi) - ||S||(B,) < (1 - £,3) (no* c)(r,LBi)||(B,) - ||S||(Bi)) + cr«. 


(3.3) 
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c depends only on Cqi, (Tq and 0(0, S') and ei 2 > 0 is any number smaller than some 
e > 0, which also depends on Cq, Uq and 0(0, S'). Moreover c depends linearly on Cqi. In 
particular, ifT is as in Definition 0.3, then ao = I and: c depends linearly on A := ||As|loo 
in case (a), it depends linearly on Q, := ||(ia;||oo in case (b) and it quals CoR~^ for some 
geometric constant Co in case (c) (in the sense of Remark 1.3). 

Proof. We argue by contradiction and assume there exist sequences of almost minimizers 
(T^)fcgN C I 2 (M^+"') and radii 0 with 0 < 2rfc < dist(0, spt((9T^)) such that R^ : = 
{T^)rk satishes R{{R^ — S')LB 2 ) < \ and 

||H'=||(Bi)-||S||(B,)> (l-i)(||0*c)(B'=LB,)||(Bi)-||S||(B,))+A^r». (3.4) 

It is important to notice that, in contradicting the statement of Proposition 3.4, the currents 
satisfy (0.1) for some constants Co and ao which are hxed, i.e. independent of k. First 
of all, without loss of generality we can assume 

||0^ a(i?'=LBi)||(Bi) - ll^ll(Bi) >0; (3.5) 

indeed if ||0)^ (9(i?^LBi)||(Bi) — ||S'||(Bi) < 0 we could use the almost minimality and the 
appropriate rescaling to conclude 

||/?i(B0 - ll^ll(Bi) < ||0^ 9(i?^LBi)||(B0 - II^IKBO + CiC 

< (l - 1) (||0* 9(fi‘LBi)||(Bi) - ||S||(Bi)) + C, r» , 

contradicting (3.4) for k large enough. 

Observe that we have a uniform bound for ||i?^|| (B 2 ). Thus, by the usual slicing theorem, 
passing to a subsequence there is a radius p €]|, 2[ such M((9((i?^ — 5) LB^)) is uniformly 
bounded. On the other hand — S' is converging to 0 in the sense of currents and hence, 
by [10, Theorem 31.2], IF{{R^ — S')LBp) —)■ 0. This means that there are integral currents 
C^ with M{H^) + M(G^) 0 such that 

{R’^ - S) LBp = dH^ + C'^ . 

Taking the boundary of the latter identity we conclude that dC^ = d{{R^ — S') LBp). Now, 
rescaling the almost minimality property of T^, we conclude that 

||/?^||(B,)<||^||(B,) + M(G'fc) + Cirr. 

On the other hand, since (M(G^) + r^) f 0, we infer 

limsup||i?^||(B,)<||^||(B,). 

k^oo 

Since however —)■ S' in B 2 , we also have 

||^||(B,)<liminf||/?^||(B,). 

k^oo 

We thus conclude that US']! on Bp in the sense of measures and, since ||S'||((9Bi) = 0 

by the conical property of S', we infer that ||i?^||(Bi) —)■ ||S'||(Bi). Thus (3.4) and (3.5) 
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imply 

lim M(9(i?^LBi)) = M(9(^LBi)). (3.6) 

fc—>-oo 

The almost monotonicity formula for (in the rescaled version for R^) implies through 
standard arguments that spt(i?^) converges to spt(S') in the Hausdorff sense: one can 
follow, for instance, the proof of [10, Lemma 17.11]. Finally, again by [10, Theorem 31.2], 
we conclude that — S') LBi) —)■ 0 and hence, arguing as above, we infer the existence 

of integer rectihable currents such that dG^ = d{{R^ — S')LBi) and M(G'^) —)■ 0. In 
turn this implies J^((9(i?^ LBi) — (9 (S'LBi)) —)■ 0. So all the assumptions of Lemma 3.3 are 
satished, and there exist integral currents such that dH^ = d{R^LBi) and 

||i^'■||(Bl) - ||S||(Bi) < (1 - eis)(||0* S(fiRB,)||(B,) - ||S||(B,)). (3.7) 

By the almost minimality of and the usual rescaling, we conclude 

||7?'=||(Bi) < \\H^\\iB,) + Gor^°. 

Thus, 

||i?^||(B0 - II^IKBO < \\H%B,) - ll^ll(Bi) + CoC 

(1 - e,3)(||0* S(fi''LB0|l(B,) - ||S||(B,)) + QtC . 

However, when k is so large that ^ < £13 and /c > Cq, the latter inequality contradicts 
(3.4) (recall (3.5)). □ 

3.2. Proof of Theorem 3.1. Without loss of generality from now on we assume that 
a; = 0 and that dist(0, spt((9T)) > 2. Moreover we set := (to,r)tt^- 

Step 1. Blow-up. By the almost monotonicity, the family {Tr}o<r<i C l 2 (M'^+^) 
enjoys a uniform bound for ||Tr||(iF) whenever K C is a compact set. Moreover, for 
any U CC R”+^ open, dTr\-U = 0, provided r is large enough. It follows that we can 
apply the compactness theorem of integral currents, and for every sequence j, 0 we can 
extract a subsequence Tp^, converging to an integral current S with dS = 0. Observe also 
that we can argue as in the proof of Proposition 3.4 to conclude that for every Nq E N 
there is a subsequence, not relabeled, and a f e]iVo, iVo + 1[ with the following properties 
. ||TpJ|(B,)^||^||(B,); 

• There are currents Hk G I 2 (R”'''^) with M(iL^) j, 0 and dH^ = i9((Tpp — S')LBf). 
We then easily conclude that S is area minimizing in Bf and that ||T'pj,||(H) —t Ill'll(H) for 
any open set V CC Bf with ||S'||((9H) = 0. A standard argument shows that these prop¬ 
erties remain then true for every ball and for the entire sequence {Tp*,}. As a consequence 
of the fact that 0(0, T) exists, we then conclude that 

||^||(B,(O)) = 0(T,O)r2 ■.= Quj 2 r'^ 

for all radii but an (at most) countable family (recall that u :2 denotes the area of the unit 
disk in R^). It is then a standard fact, using the monotonicity formula for area-minimizing 
currents, that S' is a cone (see for instance [10]). Finally, it is well known that 2-dimensional 
area minimizing cones are all sum of planes intersecting only at the origin (see for instance 
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[7]). So we conclude from the standard theory of currents (see for instance the proof of 
Proposition 3.4) that — S')LBr) —» 0 for every r > 0. 

Let £11 be the constant of Proposition 3.4. We then conclude the existence of a radius 
ro > 0 such that, for every r < tq there is an an area minimizing cone S such that 
J^((T 2 , - ^)LBi) < 2 £ii. We can then apply (3.3) for every 0 < r < ro such that 
(9(TLBr) G Ii((9Br) (which holds for a.e. r). After scaling back and multiplying by r^, we 
get 

M(TLBr) — Q (jj 2 r‘^ < — £ 12 ) ^M( 0 ;^ d{TL'Br)) — Qu 2 r‘^'^ + for a.e. r < tq . 

(3.8) 

Set /(r) ;= M(TLBr) — Qu 2 r‘^. Since r hA M(TLB,.) is monotone, the function / is 
differentiable a.e. and its distributional derivative is a measure. Its absolutely continuous 
part coincides a.e. with the classical differential and its singular part is nonnegative. Note 
also that we can assume 2 + cio > ^ + =: e + a for some £ > 0 . 

Therefore, by the well-known expansion for the mass of a cone, (3.8) reads 

-acr^~^ < ^(^““/(^)) > ( 3 - 9 ) 

Integrating (3.9) we get —^ c < r~°‘f{r) — s~°‘f{s) for all 0 < s < r < vq. Setting 

e(r) := this implies 

e(s) < j e(r) + C V 0 < s < r < tq. (3.10) 


Step 2. Consider now the map F{x) := and radii 0<|<s<t<ro. By the area 
formula. 


M(Fb(Tl(BAB,)))< 


\x 




X 


d\\T\\ 


< 


\x 


T|2 


'Bt\B, 


X 


■d\\T\\ 


1/2 


'Bt\B, FI 


■d\\T\\ 


1/2 


■■=h 


h 


Ii and I 2 can be easily estimated using the almost monotonicity formula 

.n ( 2 - 1 ) , , , , . 


^2 ^ ||T||(Bi) (2^1) (t_ 




+ 


(3.10) 

< 


(3.11) 

'0 

<C, 

(3.12) 


where we took into account that, by ( 2 . 1 ), e(s) > —Cis" for every s > 0 and that C > 0 
is a constant depending on tq. In particular we conclude that 

M(F„(TL(Bt \ B,))) <Cf/^ V 0 < ^ < £ < t < ro. 
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and, by iteration on diadic intervals, 

M{F^{TL{Br\Bs))) <Cr/^ V 0 < s < r < ro. (3.13) 

Since (9 F[((Tl(B,, \ B^)) = (9(Tr LBi) — (9 (TsLBi) for a.e. 0 < s < r, from the definition of 
F we get: 

(3.13) 

J^((9(T^LBi)-( 9(T,LBi)) < (3.14) 

This implies that the currents (9 (T^LBi) converges to a unique current Z. On the other 
hand, by the almost monotonicity formula it follows easily that LBi converge to the cone 
Om Z. Since we already know that an appropriate sequence converges to S' = 
we conclude that converges to S. 

Step 3. Proof of (3.1) and (3.2). In order to prove (3.1), it is enough to hnd integral 
currents V and W such that Tr —Ts = dH + W and M(iJ) + M(hP) < To this aim, 

hx a small parameter a > 0. Let [[p, g] denote the current in Ii(M) induced by the oriented 
segment {t : p < t < q}. Similarly [[p] G lo(lR) is the Dirac mass at the point p. Consider 
the currents 14 G I 3 (M x M”+^) dehned by 

V^:= (^|0,1] X Tl(B, \Bj)L|(t,a;) G M x <t<s-i|a;||. 

Next, we consider the map h: M x \ {0}) 3 (t, x) ^ ^ G and the currents 

Ha := hjjl4- If di,d 2 : M x —)■ M denote the functions di{t,x) := t — and 

d 2 (t,x) := t — r~^\x\, then for a.e. a > 0 we have 

dVa = [11 X TL(B, \ B,) - 1^, f] X d{TLBa) 

+ ([0,1] X TL(B, \ B,), di, 0) - ([0,1] X TL(B, \ B J, ^2, 0). 

Since d commutes with the push-forward, we also get 

9Lf„ = Fs(TL(B,\B4-hj(|f,f] x9(TlBJ)-T,L(Bi\B^)+T,L(Bi\B^), (3.15) 

' 

Za 

where we have used the fact that h(t, x) = and h{t, x) = r~^x respectively in the sets 
{{t,x) G M X (R”+^ \ {0}) : t = and {{t,x) G M x (R”+^ \ {0}) : t = r“^|a;|}. It is 

simple to see that there exists H such that Ha —t —H as a 0. Thus (3.15) gives 

-dH = F#(TL(B, \ B,)) - T,LBi + T,LBi, 

because M{Za) < a - r-i|M(9 (T„LBi)) < Ca\s-^ - r-i|M(9(ToLBi)) ^ 0. To 
conclude (3.1) we only need to estimate the mass of H. To this extent, note that hjj(^AT) = 
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dh{^^) A h^{f) and, since dh (^) = 


Thus 


M{H) 


H{u) = f ! {hiU^f),u^^^,^)d\\R\\{x)dt 

Jo ^ ^ 

= /V {^\^{F{f),u,,,\,\)d\\T\\{x)dt 

Jo ^Brt\B,t 

= f [ {{tF)if,Ut^/\^\J^^)d\\T\\{x)dt 

Jo ^B^ABst 

= / («F),(rL(Brt\B„))(cjJi|)<i( 

< [ M((«F), (rL(Brt \ B,,)) * = [ i'=M(F,(rL(Brt\B.,)))* 

Jo Jo 


(3.13) 

< 




Jo 

(3.2) follows then from the almost monotonicity formula, see for instance [10, Lemma 
17.11], 


Step 4. Decomposition. We hrst introduce the following notation; we call T irre¬ 
ducible in B,,(a;) if it is not possible to hnd two (integral) currents with TLBr(a;) = T^-|-T^ 
and spt(T^) fl spt(T^) = {0} (cf. to the notion of indecomposabality as in [ 6 , 4.2.25]: T is 
indecomposable if it is impossible to write it as with dTiLBri^x) = dT 2 L'Br{x) = 

0 and M(Ti) + M(T 2 ) = ||T||(B,(a;))). If T is reducible, then clearly 0(||T|l,a;) = 
0(||T^|1 ,t) -I- 0(||T^||,t). Since each T* would be almost minimizing, 0(||T*||,a;) gN\{ 0} 
and we can only decompose T hnitely many times. Next suppose by contradiction that 
T is irreducible in x but its tangent cone T^, o is not a plane. Then, since T^, q is area 
minimizing, by [7], there exists J >2 such that = YlJi=i Qi 1^1 > where Vi C are 
2 -dimensional linear subspaces such that V) fl = { 0 } for every i ^ j and Q* € N satisfy 
X]i=i Qi = Q- Then consider the currents 

T := TL{y e : dist(i/ - x, Vi) < Cr^+"'} for i = 1, 2,..., J . 

By (3.2) this is a decomposition of T in two non-zero currents whose supports intersect 
each other only in {0}, which is a contradiction. 


4. Proof of Lemma 3.3 

As already mentioned, any 2-dimensional area-minimizing cone S is the sum of (integer 
multiples) of hnitely many oriented planes, each pair of which intersects only at the origin. 
Therefore the support of the cycle R := (9(S'LBi) of the statement of Lemma 3.3 consists 
of a hnite number (say N) of disjoint equatorial circles of (9Bi. By condition (iii), we can 
thus assume that Z splits into N cycles, each close (in the sense of (i), (ii) and (iii)) to an 
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integer multiple of an equatorial circle of dBi. Thus, without loss of generality, from now 
on we assume that S is given by Q [tto], where ttq is the (oriented) plane x {0} C 
and Q is a positive integer. Correspondingly, R = Q [yo] where 70 is the oriented equatorial 
circle ttq fl (9Bi. 

Step 1. Reduction to a Lipschitz winding curve. We next introduce the 
notation Br{x,n) for the 2-dimensional disk x -|- 3^(0) fl n and Cr{x,n) for the cylinder 
Br{x,7i) + 7i~^, omitting x when it is the origin and tt when it is the plane ttq. Given any 
1-dimensional cycle W we consider the inhnite 2-dimensional cone T with vertex 0 and 
spherical cross section W, namely hmj:j^oo(<-o,A)tt(Ox( W) and denote it by (0x< W)oo. The 
cylindrical excess of any inhnite 2-dimensional cone T in Ci(r) is then given by 

E(r.T):=i/ \f(x) - Tf d\\TUx) 

^ JCiir) 

whereas the cylindrical excess of Z is 

E(Z) ;= minE((0x< Z)oo,t) . 

T 

It is simple to see that under the assumptions (i), (ii) and (iii), any minimum point r for 
( 0 x( Z)oo in the expression above must be close to tiq. 

Let now P be the orthogonal projection onto (9Bi (which obviously it is dehned in 
]^n+2 y {0}). For each tt, such projection is invertible when we restrict its domain of 
dehnition to dCiin) and its target to (9Bi \ We then let be its inverse. Note also 
that, under the assumptions (i), (ii) and (iii), when r is close enough to ttq, spt(Z) C Bi\r-‘“. 
Therefore, for any such r we have 

(0X( Z)ooLCi(r) = Om (P~^)jjZ. 

In particular such identity is valid for the tt which minimizes E((0x( Z)oo,t). If Z is as 
in the statement of the lemma, by a well-known result in geometric measure theory, Z 
can be written as the sum of (at most countably many) 1 -dimensional cycles Zi, where 
each Zi is a simple closed Lipschitz curve and ^M(Zj) = M(Z). Observe also that, if e 
is sufficiently small, then (pjro)tt(P~Q^)tt-^i (where p,ro is the orthogonal projection onto ttq) 
equals R [yo] for some nonnegative integer ki. We thus have '^ki = Q and it follows by 
standard arguments that each Zi fulhlls the assumptions (i), (ii) and (iii) of the Lemma 
with ki in place of Q and with e' > 0 in place of e, where the constant e' j, 0 as e j, 0. Thus, 
it suffices to prove the main estimate for each Z^ and sum it over i. Observe next that 
assumption (ii) in the Lemma excludes the possibility that /cj < 0 for some i. Moreover, 
the case /ci = 0 corresponds to the trivial situation in which the minimizing cone S' is 0. In 
this case M(Zj) < £13 and we can use the the isoperimetric inequality to hnd an H such 
that dH = Zi and 

||R||(B0 < C{M{Z)y < Ce,sM{Z) < Z\\iB,). 

It suffices therefore to consider the case ki > 0. 

Summarizing, in addition to (i), (ii) and (iii) we can also assume, w.l.o.g., the following: 

(iv) R = Q |yo] for some integer Q > 0; 
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(v) Z = 7]^ |[0, M(Z)]], where r] : [0, M(Z)] —)■ (9Bi is Lipschitz and 17 ( 0 ) = ? 7 (M(Z)); 

(vi) If E((0)«( Z)oo, t) = E(Z), then E(Z, r) < e and (p^)[t(P 7 ^)ljZ = Q | 7 ol (where 
e{e, Q) i 0 as e I 0 ). 

For any hxed 5 > 0, we next use [11, Proposition 2.7] to hnd a second curve (' : 
[0, 2Qu2\ —)■ (9Ci(r) with the following properties (recall that 2u2 is the length of the unit 
circle in R^): 

(al) = (cos-d, sind, /'(d)) E txt-^ for some Lipschitz function /' : [0, 2Qu2\ —)■ 
with /'(O) = f'{2Quj2) and ||/'||oo + Lip(/') < <5; 

(a2) If we set Z’ = qi[0,2Qu2\j, then M.{i:P~q^Z - Z') < E(Z)/C'(d); 

(a3) E((0)«( Z')oo,r) < E((0)«( Z)oo,r) = E(Z). 

5 will be chosen (sufficiently small) later. Since from (a 2 ) we conclude easily 
M(((0^ Z)oo - (0^ Z')oo)LC 2 (r')) < E(Z)/C'(<5), 

we also infer 

M((9((0)«( Z - 0)«( Z')LCi/ 2 (r'))) < E(Z)/C'(d). 

After applying a rotation we can assume that r' = ttq. We thus achieve, in addition to 
(i)-(vi), the condition 

(vii) E((0;«( ^')oo, 7 ro) = E((0;^ Z')^) and M((9((0;^ Z - 0;^ Z')lCi/ 2 )) < E(Z)/C'((5). 
Next, observe that if r' minimizes E((0;^ Z')oo,t'), then 

|r' - r| < C'E((0)^ ^')oo,r) < CE{Z) < Ce 

for some geometric constant C. Hence elementary considerations (see for instance the 
reparametrization Lemma [5, Lemma B.lj) lead easily to the following conclusions: 

(viii) the cycle Z" := d{{0M Z')LCi/ 2 ) is of the form (Cj |[0, 2 ( 5012 ]] for some ({'&) = 
|(cos'd,sin-d, /(d)) G ttq x where |/| + Lip(/) < C5 {C being a geometric 
constant); 

(aS)iz{vii) 

(ix) E((0;x Z'Ooo,TTo) = E{Z") < E(Z) < e. 

Step 2. Cylindrical epiperimetric inequality and conclusion. Consider the 
Fourier expansion of / as 

00 

/(d) = tto + 5 ]] (a* cos + A sin (^^d j j 

i=0 

and let 

P{f) := aQCOs+Z^Qsin . 

We hrst claim the existence of a constant K (depending only upon Q) such that, provided 
5 is smaller than some geometric constant, then 

IK/-W))llwM>i^||/lki. 2 . (4.1) 

Indeed consider the 2-dimensional plane r which contains the image of the map d e-)■ 
(cosd, sind, P(/)(d)). It is then straightforward to check that 
• Ci(r) nspt((0x( Z")oo) C C 2 
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• \i X = r({{}) G spt(Z") and r > 0, then 

|rW->rol>i(|£>/(tf)l + l/WI) (4.2) 

\f(x) - t\ <C(\D(f - P(f)m\ + !(/ - P(f)m\) , (4.3) 

where C is just a geometric constant. 

Using that Lip(/) < 6, by the area formula we easily conclude that 

E((O^Z")oo,7ro) >^11/11^1,. (4.4) 

E((0^ Z")oo,r) < C\\f - P(/)||^M • (4.5) 

Since C* is a hxed geometric constant, (4.1) follows easily from 

E((0^ Z"),7ro) = E(Z") < E((0;^ Z")oo,r). 

Next, following [11, Proposition 2.4] we consider the map g :]0, |] x [0, 2Qu2\ —)■ given 

by 

OO 

g[r, d) = do + X] (a* cos j + A sin j 

i=0 

and let H' = |]0, |] x [0, 2 ( 5 n; 2 ]]. By [11, Proposition 2.4] we have OH' = Z" and 

M{H') - ^U 2 < ^(1 - 8eu)E(Z") < ^(1 - 8 £i 3 )E(Z), 
for some eislQ, > 0 - 

Next, using the isoperimetric inequality we hnd a 2-dimensional current K such that 
dK = (9((0x( Z)lCi/ 2 ) - Z" = (9((0x( Z - 0x( Z')lCi/ 2 ) and 

{vii) 

M{K) Z)^Ci/2) - Z”)f < C{5)E{Zf . 

Thus, if we set H ■= H' + K + Zl.'Bi \ C 1 / 2 , we have dH = Z and 

M(P) < |cn 2 + ^(1 - 8 £i 3 )E(Z) + C(d)E(Zf + M((0)x Z)LBi \ C 1 / 2 ). 

Since E(Z) < e, it suffices to choose e sufficiently small to achieve 

M(//) < ja ;2 + ^(1 - 4 £i 3 )E(Z) + M((0x( Z) LBi \ C 1 / 2 ). 

Next recall that 

iE(Z)<l(E((O^Z)oo,7ro) = ^ f \f-7ro\mOMZ\\ 

J Cl 

=^(M((0^ Z)LCi) - gcn 2 ) = M((0^ ^)lCi/ 2 ) - ^ , 
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where the hrst equality in the last line is due to P7ro[j(0)^ Z) = Q |i?i(0 ,tto)]. We therefore 
infer 

lV[(hf) — QijJ2 < 1VI(0)S( Z) + £i'iQljJ2 — 4£i3lV[((0)S( Z) LC1/2) ~ Q^2 
< 1V[(0;S( Z') + E\‘iQu}2 — 4£i3M((0)^ Z') LB 1 / 2 ) ~ Q '^2 
= 1VI(0)S< Z') + Ey2,QL02 — £l3lVI(0)^ Z') — QuJ2 
= (1 — ei3)(M(0;^ Z) — QUJ 2 ) ■ 
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